T mition_of the Gauss map 5 Fundamental Properties

S = regular surface (orientoble )  N: S §" . N is_called  the. Giuss map . N is C”

The dﬂerentuL_oLN_ﬂLpom;p_o{_S_klepMS?L_j T/ Tup(S)
M_;__mmiwmwmxm!_mfmm.—_

ﬁg.mwi;q&wumwmmﬂtm“k of _dNp: Tp(s)~ Tp(s)

FHLEB curve tongent
Ex : (1 Plane , axtt) + byw +CO + d =0 —> 0¥+

-,_.QthuELbnﬂL_&&_g)j_Z_i_gi-_*L_tQM_mmmeﬂﬂL?(ro) = (u,v, V-d)

___We need to study Gouss map N neor the poiet p=(0.0.0)

Xaxxy 20-2v.1) _ (w-v.h)

,«__X_D_E_JRZ:’_S.,_N__S:L.S:_ME);JML’WL Jartravs) Wivitla

)_(?4= (1.0, ~2u) Xv=(0.1,2v) > Xux Xy ={(20)% (-2v))t mk

__NP) = Nlp=te.o.0r = 0.0, 1) . XulP) = (1.0.0). Xu(P) = (0,1.0), Tp(8) = XY plane

3
 on_the other hand . take o cuvve d® = x(uw. v , d:1->R o) = (0., v-d')

ey =P =(0,0,0) = (U0), Vo), Va(o_)_v—k@;!p)‘_)’, Ulo) = 0 , V(o) = O

= L. ViDL 2V Vit - 20 i) | o) = (o), vier. 0) € Tp(S) . Tp(S)= XY plane

(u,-v. %)

~ Now, N: S — S’ N = Nealty & 0 Curye Mz. Nit) = N{uw . viey) = ToexvsZa
dN{t)
dat

a
l&=o & 'd—t(N”‘m)lt:o = dNpl«te))

n A
, _ Ji vt (W, -vi0) - (u,-v, ) (Jwevir 50" (zuw'+ 2vy)
N(t)'t:o wrvitg

teo. = [2l=2v )

2, dNp(lon) = (2ui0). - 2Ve), 0) , dNp : Tpls) = Tupa(S) = Tls)

_dNp. has e-value 2.-2 ond e-vector (1.0.0) .(0.1.0) yespect]

[‘r‘,vclﬂ“ﬂ‘.
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vector
__fundomental form of § ot p. -

7
The. Geometric mearing of the 2Znd £f kn = norma
Def. let o be. o regulor curve on S passing through peS . et k-be the curvature of o« ot p.
N " S

088 = ¢ n.N > . where. n= the unit normal vector of oot p

n =

w
~
v
=)
n

Now, ¥ « i5 o vegular curve porametrization by orc-length and I<s} = |

g 4 .
Cds),N>=0, qS<ols), N>=0 2 ¢y, N>=-<dt) . N>

Ig(o((o)) = - <dNp(dio) , loy > = - ¢ olto) . dNp(dior) > = <dtoy, Npp> = <kn,N»=ken, N>=kn

kn depends on p.v.S (402 @ e, B ¥ R Talon 40 o B — )

Thm. ( Meusvier ) AN curves in S with the Same tangent vector must hove the same normal

*
CUYUOLUYE. Y _2nd £f some

thmggh P_with Ueloc’\tg .
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vae 06 - W =98

Def. The maximum normal . curvoture ki and the minmimum curvature k= are colled the
. principle curvatuve .ot p.
—_The covvesponding directions e . ez ore called the. pringiple. directions

- o - # & &) tangent vector = erores . BB KT 3

Def. A connected regulor curue ety is_such that for all points pe o . the tangent of the curve

dt) Ts o principle divection ot p . then the curve «(t _is colled a line of cuvvarave.

Prop. (Olinde Rodrigues )QWJMMMMMMLM~&

’

to be a fine of curvature i ; for any -

——Where N = Nlaed) = (Nea)®t) , At) is differentioble  function of t

A -_d_ ’, ’ ’
w¢pfy NI = G (Nod)it) = dN(&(t)) . NI = MO oit) &5 - dNuw(ier) .= = Aty ol(t)

— 2 -0 s an_eigenvalue of dN(ww) , «tt) is o principle divection.

Take veTp(s), spanier.ea} = TplS). v=aeirbes. span e ez = Tols)

Mdmmﬂnm&dﬁqu,hmm_mmmumm&g.mmﬂm%hMﬁv_

Tptvr=- <dNptv). v > = - <dNp(aei+ bea) , Gestbez>

a(-«< ANp(e1), 81 >) t b (-< dNp(e2) €2 7) +.ab (=< dNpley) ez >) + ba (- < dNp(e2),e1>) o

“kia's kab® . where v= eyt bes Y ve TolS) Lvl=1

VEZcosOer+ sinBez , lvi=) , Tplv) = codoki +sineke Euley Formula

A=\C D/ ., P =

BrD . derte) = BD-BC are Tuaient. if we change bosis.

[‘o,veuhun



Nlo).= dNp(ie) = dNp (wior ey + viorez) = Wio) ANp(81) + Vio) dNp(es)

’ 1
LHS of ¥ . (-ufo). - V(o). 0.} = - uloy €1 - Vicrez

=io By ¥

s S ’ .
- ulo) €y = Wio) dNpf€) . dNp(B) = - € =:- %% - Vto) €2 = VioydNp(€z) L

‘‘‘‘‘ <. figenvalues -| .-, eigenvectors :(1,0.,0). (0,1.0)

. k>o, p is colled eliptic point.

Prop.let § be.a- connected surface . and - every point of S is an umbilical point.,

then S is a pi

*
<pt> Toke o peS and o pavametrization X:USR—>'S around P .

X{uy=V_i conn let (u.v)e U

. Toke tangent_vectors Xu.Xv_-which span Tp(S) . P is an umbilical point.

*

= ~dNpwW) = AP W, YweTps)  (Ki=ko = A)

== £3)

Take W= aXu+t bXy = - dNp(w) = - dNp(aXutbXv) = - adNp(xu) — bd Nplxv) = - aNu - bNy
. On_the other hand . - dNp(w) = - dNp(aXu+bXy) = AAXu+ bAXy - @

B q0hbe 000 - fodk il S olinm Nz oy 3 B o s i - Ny = AXy --- (&)

WJMMMM.IMQ_-NA:_A&L_@_, toke derivative u to @), - Nvu = AXva --- (6)

Y XECT. M B Nuv = Nyu 5 (5)=(6) 3 AvXu - AuXy = 0 S Xu= Xy =0 . AE const o

*
— Now show V is either part of a_plane or sphere

Cosel: A=0,dNpwl=0 H weTps) s dNp=0 on V > N=Nc= const.

X N>u=<Xa N>+ <X.Nu>= 0, <X, N>y= <Xy N>+ <X,Nv> =0

. SX.N>= <X ,Ne> = constant. , < X-C,Ne> =0
r

o B Ihisms:qun;loﬂ-_ﬂ_el@hmsﬂng_w_c;x_mu o) and 1 N = Nc

wse. 2 : I Axo . consider X*% _if Az0.
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Empxiﬂ_ué_liiigmibha_mgmm@_a&a_mgmax,_smm;S that. - contains .no umbilical . pt.

___ Then the pavametrized. curves of X ave lines of curuature. <= f=F-0

epfy let g = X(uw., ven) curve _on S, M S—» S, dNp:v=> dipty

Gu Gz o and'+ iz v = Au’
ANat (£68)) = A L&) &= A=2Aam\ ] e
Ozs, Qa2 AV cu NV L Oand+0a2V = 2w

[(w e6 | - (er- SE

,
,,)V=AL\

B EG-F R S S S
eF-fE - gt
}. (SEE) e e -

wlle e o
) AG‘,\I-AV

coordinate. carve. (= o or V=0 > U CorSt or v const

( ) E § IhEﬂ u = Au’ 5
S AFTE .G < coovdinate cuvve ave. fines of curuatuye :

 (o)n the first x v/ the second x o > (FE= €66+ (gF- GV = (e FEIU 3 (P gEIK.

> (eF- LE)WY'x (e6-gE (v = (gF - G WY = 0

2 2
V' . ﬂ’V’ u:

,
RS 2/E F @G |=o0 coordinate curves are line of curvature = u=oorv=o ——-

. le & g]

.t d=o, then Fg-Gf=0 5 if V=0, then Ef-eF=0 .
___Xu.Xv_ore_parallel to principle directions — -- ¢ Xu.Xv 2= F=0 S

> Gf=0,Ef=0 v ks ka . Gx0,.Ex0 > f-0

T % 8% : Gouss- Bonnet. Theorem -

3
Local version . o.?__ﬁmuss.;hnngnjhe;ov_em_:_iaﬁultk\&d&,-mhm_}fgﬁlm;ss_mmmm_._.m_,_,_._

Theorem : S is o compoct_surface without. boundary (S is closed ) Jekan = 2m- %8

 where X(8) = V- E+F . Euley chovacteristic humbevr

Chryeculture
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Observe : There is no asymptotic direction of an_elliptic point

2 k>0. k30 ke*o and ki .kz hove sgme Sign
I weTpl) . w= cose s sinfes , O from ex to w in the orientation of Te(s)

kn = Tplw) = ki 00 + k2 Sin® _have. vanish

Def._The Dupin_indicatrix at. p is the set of vectors we Tols) st. Tp(w) = 21

IﬂL&.MIﬂ&JMlJﬂBﬂMMﬂQMMMMM&_GML_

2
I owexertyes, Tpw)z-cdNptwr.w> = Shagks , Fhos oz 2] occ %

) Ellptic point : k>0 ¢=> ki.kev0 5 (1) kivo, ke>0 in%., )=lkixs kz-('f :

(i k<o kac0 in ¥, == kX't kay’

3 1
@ If ki=ks (not planar plane ) umbilical point _TL'—’“_L_N&M_QLQLM@_[QM__E ...

©3) k<o

4) k=0, kixo, k=0

k=0, kizo. k%0

The Gauss Mop in local coordinates ~ .

$: reqular_sarface. (ovientable) . X: U< R~ S<R® porametrization of S at p.
Xu x Xy

Tp(s) = span L Xu. v} . N = Tl unit_normal vector on.S

oA 5.0 crve on S, dit) = x(um. vin) . o) = X(ue).vie) = p, o(t) = Xull'+ Xu v € Tls)

d(Nox) (1) d
= T ToaE MU, ve)) = Na+ NeV

N:S—=8", dNp: Tpls)=> Tpis) = Tp(s) . dNp (/t

W "
2. Nu and Nv € [F!Sl Write, Na = QuXat O Xv Ny = Oz Xu + Q22 Xv equuﬁon O_'E Lx_)girggmm
Luwyite a tangent. vector in . matrix using__ Xu. Xv_0S o basis )

Cheyv culture
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Surface of revolution

o

g ;
i) = (hw, 0. ¢w)) be a generating curve . X(u.v)={ho) cosu.kh WSINU, ), 0 U< 2T, 0cVeh

4() i o carve_pavametyized by orc-length . @@= (W.o. ). 0l = (SESCO

Xo= (- Sinu-h, cosu-h.0), X = (cosu- W, sinu-h. g ), Xuw= (= cosu-h, -Sinu-h o)

Xay = (= sinu-, cosu-h o), Xw = { cosu-h’ sinu-W, "), Xux Xv.= (h¢ cosu, hg'sin inuhb) o

E=<Xy Xu> = hz. F=z<XaXv?2=0, Gi= < Xv.Xe? *Jh'_)_z_g,(g')a= 1 . N= (g cosu , § Sinu, -W)

e=< N, Xun 2> = ‘h%’ . 'F=< N, Xuy > =0, (‘113 ¢ N, Xyw 2 = h”an'-.lluh'
eq-f* _ chg'(hg- ¢w) =g/ (e~ &"W)
K= Em-F ~ h* h . ’ e
_e6-2fF+Eq 4 —htz:+h‘(h”q,’-g"h')) 1 % ah(he - a'W)
H= 2{EG-F>) 2 L ey R F e i
* K=o @ q‘)’zo Ly = (W, 0.0) .
... i The tangeot vector to the genevating Curue o _is_peypendicular to EZ-axis.
oW -gW=0_ «w=(hw,o.q0), Ln=(hw.o G)) ot N O ) i e
= The curuatuve of the generating Cuyve o(t) .is Zero
=2 |‘l¥ d”l ) » ” I e
________________ k= e _curvatuve of o , «xo=(hg-hg )]} ~ -
o =0 o _hg-bg"=o0 ¢ wehowe o planer (eefeg-0) .
(a.. O\nz) (--gg o )
o principle_cuvvature AN~ \0a 82/~ \o % G LT i
e kit k -~ e gw) i
kK= 1 &=wg-wg" . k=lke , W=t KF h . h ——

(W' tg)’= |, 2+ 298= 0 > Wh'= -4q" e

Ex: x(u,v) = ((a+rcosv) cosu , (atvcosv) Sinu , rsinv) , hv) = 0% rcosv., g = ¥siny

=il YCosv § T — Yeosv 1
_K="% " Tarrcosv AL BAR (Wegy=y 2, K= pavaasy Y

Hu s Xta.v) = tu, v, faav fec® » find k. H EHE Kro,=0,¢0

E Eéryvculwn




Prop. Let § be a_regularorientable surface. then Gauss curvature_ond -mean cumatuve ave

____smooth_function. However. the principle carvature ki, k: are. continuouS and Smooth on the open

- umi

k=0 & (B) k-0 o k-,

Ex: Torus % BH B  x(u.v) = ((a+rcosu) cosv, (a+rcosu) Siny  ysinu) . 0<u.v<2n . 0<rea

_Find_Gauss curvature . mean curvature of the points of the torus covered by xtu.v)
Xa = (- rsinu-cosv , - rsinu- giny veosu) . Xv = (- {a+rcosu) SinV_, (a+Ycosu) Cosv . 0 )

Xuu =~ rcosu- cosv, - rcosu-sinv, - rsing ), Xyy = (- (a4 ¥eosu) oSV, - (a+rcosu)siny, o) ;

XaxXy _ _Xux Xv

Xy = ( rsinu-sinu, - rsinu-cosy. 0 ), N= Txaxxel . JEG-F®

Xux Xv = (- r(a+vcosud cosu- oSV, - ¥ (0+rcosu) COSU-Siny, = r (a+ rcosu) Sing ) -

2
B exuxu>= v F=<Xu,Xv>=0, 6= <Xv.Xv> = (Ot vcosu)

> Xuxxv) = [EG-F>_= ¥(a+rcosu)

)
. £=<N.Xen> = Figrreosm) ¥ . Xwu> =¥ L-c N xe>=o0

]
Q= <N, Xvw > = Flatrcosw) < * - Xww” = (A+rcosu) cosu
9 S

eg-£* _ _ cosu eb-2fF+ Eg =L((aﬂcosu)frcosu / \
. K* Fa-r= = Yarrcosw . H* T 2(kG-p0) 2\" Vias reosw)

T
_Klsww) = ~ " the point on Torus covered by X(u.v) \\«4

k=0 if u=% & _two |ine_on the torus
_K>o if ocucZ E cucan outer the torus . all points in this_regi iptic poi

5 3N . v P %
e fogo ok 2o inner _the torus , all points in this region are hyperbofic point

Chwyv culture



___cose 2: p is o hyperbolic point. , k(py <0 . 3 principle. directions €1 _and ez

st. Up(en) »0 ond TWp(ez) <o = given €20, Tip(€er). 0. and Tp(eez) < ©
.S must Ve on both sides of tangeet. plane.

Dupin _indicacrix : Jew)= 11 YveTpls) 5 Yix.greS st kixs koy'= *) . k= novmal carvature. i=1,2
obseyve, Dupin_indicatyix

k>0, k2v0 kXt kayg = |

ipti int, K>o kico, kaco knx‘»k:‘g’;—_!
ﬂgmbcaﬁc__pojnt K<o ki>o , ka<o k.x‘qki&’:;‘.

Unmbilical point. _ ki= k2 dN#0 ki = ks = K. ¥eq’= 43 . cirde uith vodius ¥

Pavabolical point. dN%0 ki=o , k:<6 or ki»o, ka=0 _ par ki

Ex: ) X(u,v) = (u.v. u-3vu) , Kipl=_o _Monkey saddle.

) Xa= (1,0, 30-3), Xo= (0.1, ~byu) . Xous£0.0. 68) . Yuy= (0.0, -6v), Xyv= (0.0, -bu) ~

Xu % Xy § 5 2 ”
> N = TXaxxul . Xux Xv = (3v'- 34", buv, 1) EG-F = 1Xux Xyl

2
E=¢Xu, Xu>= 14 (3u'-3v")", F=cXuXe>=-8uv(usy’) G=c< Xv, Xv > = |+300v
6u -6V = -6U
4 €=<N.Xou>= Tuxel ,f=¢N, Xuv>= Xux Xyl g’ <N, Xvv 2> = Txoexel

2 2 2
eg- £ _ -36u - 36V
K e T D G T ) - B e (e L kp=0o & W=t

p=0.U=V=0.pis a plancy point, Y xeNod V of p. they lic on both sides of Tpls).
_—@_Z_i!}{._dNAL_LE_O_ﬂL.mmMm
— o BAE k=0, xe Nod U of p ties on the some side of Tyis)

Mww&pmmmLMm —

Cheyv cuiture



Ex: helicoid @k iE % X(u.v) = (vcosu, vsina. Au) . re R~ o}

Xu.= (-.vsinu, veosu, A )., Xv = ( cosu, sinu. o), Xuu = (= VCOSU, < YSING , 0 ) Xwv= (0:0,0)

— Xav = (-Sinu, cosu, o)

E=<Xu,Xu> = V4 A", F=< Xa,Xuv>=0

2 GiE XXy > =)
Xu
1 xvvJ - A
€ <N Xou? TG w20 L £ 2 <N, xuv>

Sl L 3=<N,XVV>=O
eg-§" -2 e6-2fF+Eq
K= re e ® vz <0 Y= 2(EG~ F%) =9

2. helicoid i_s_cmnugnemd_hg_bgmkm

Hw: elliptic_paraboloid S={ 0c.y.2)l 22= ey} Find K(xwaws), Hixian

Prop. Let peS be an elliptic point. . then exists nbd V of p in S st. ‘Fgr__o_l\;miuxs_in_i,».thgg;musx_
..__!zzlgg_m,.im_.MAe_QE_Mngmmeut_p_..,__ o i

~-—-let_peS_be a_hyperbolic point , then in each nbd N of p.there exists points_of § in_both
. sides of Tpl).

<pf> Take a_parametyrization at_p .,.l(_;,U_:»_.S‘S_lRL_p.E_X 0.0 . Q= X(u.v) €S_

. Define dig) £ signed._distance function geS to_tangent. plane Tp(s) i -
________ Think of d:U—>R st dww=dxwun

o Wnite_dlwu) = < X(u.v) - X10.0). N >, wheve N= urit normol vectoy of S = 8
SNt < ( 0575 5 = oo 1 {0 ir v§_expansion around p=(o.0)

Lok X(u.v) = x(0.0) + Xalo.o Ut Xv(0.0) v + % [ Xuut0,0) '+ 2xau(0.0) UV + Xwlo.0) v* ] *R

y
Hence, dtu.v) = N- (xtwwn- xt0.03) = Nep) - [xut.0 0t Xvi0.0) v +

-

K NLXa,NLXy
__dwy) hos. the_same sign (eu+ 2fuy + qvl)

<R,N>
B weuxurvxy ond Jm—ERE-> 0

o
0~

. Tplw) = eu's Z#w.xquxj-kxp

<0 <0
———case.l: p is on elliptic. point . k> 0 , Le. €1, ez > Hplen>o and Tplen) >0 °

For _the points close to p they must be on the one side of Tp(s)..
;vyvvulhne




}

Ry

let Xtu.v) be a_porametrization at peS uith X(o.0)= P . let et v)=e. fu.y1=f glu.vi=g
If o requlor _connected curve «(ty in-the
Ei.fmang._mmmﬂﬁgxﬁm_ém_- x(uw vm) . tel , Tptld=o, ewrs 2fulv’ SQIVLmD e,

1_is_cmm.ih&_diﬁemntiauqugt&n_o£_th£_ﬂsgﬁmmm

Etng.&bg_m_grimmm_mgmL_.ﬂlﬁﬂmﬂdem_&_w b
i is_pav izot] X: 2 cS)_the coovdinate cuvve of the =

in

et amt)= X (ue, vty) . Bit) = X(uw), Vo) be two - coovdinate. - curves of X
9

°
”,
7/

7’ ¥ 4/1 ? 4
s e X Ked' s WV B il i B Xu U
) 4 !

————— ~WKM:M)‘= o, Tpld)=eliV=0 » e=o, g=o :
A = X (uw), Vo) 5
——A€le=o.g=0 » from % . 2Hi=0 ; umr = X(umr ves) > oo op Ve O o, giit)= X (U, uit)).

Ex: Prove that the osymptotic curve on the surface X(u,v) = (ucosy usiny. Inu)_ore given by
— = 2vsc) . ¢z constant . uro '

e i
<pf> Xu= (COSV, SV, %) . Xy = (- usiny, ucosv. o)  E=lt3  F=0 _ G=¢ E6-F* = Iz
\ 3 (-cosv, -sinv, u)
ou=(0.0."%5)  Xuv=(-Sinu.cosv.0)  Xuy=(- Ucosv.-ustnv. o) N = T f=mmtmn

| | u
—C T Uh) fe0.9"Fmm v *®)._1s_on_osymptotic. cuve 2, ely)s 2fuiv's g1 = o

—_ﬁl -L 7,2 u ’ 2 I ’ 2 sz
._._-_xr—-.l.tu’;_! u)(u) Yo ¥ Tt ar vy=0 = ufitas (-(U)T(HV) ) =0

g du
—— s (¥ T B > o= 1 InlU=1(vic)

Chryv cutture



AN = Natd s Ny v = (QuXut Oa Xv) €+ (GuXat OaaXy )V = (oot Gz) Xa + (Ga Wt GV ) Xe

Tpled) = - < dNplel), o > = =< (O U s Quz V)Xot ( Qa0 023V ) Xv o Xt + Xy v > o

On the._other _hand , et = = < AN@. o> == < Nutls Nu/, Xatls Xy v'2 =

= - < Ny, Xu 7 (W)~ ¢ Ny, Xv> = NuXu> UV = ¢ NuXa> oV

AN E E‘L,stn]ﬂt L < Nu.Xv2=<Nv.Xa> . y e e

Y eXu, Nz=0, ¢Xu.N>u=0 & CXuo, N >+ <Xu,Nu>»=0 % ~<No, Xu>»= = < Xua, N>= €

cXu N>y =045 -<NuXar= <XauN>=F <XoN>eoer -~<NuXvz=<Xv.N>=§

mhm_ti.%_ﬂm'_the_.coeﬁiciem%_0§,,-.zno\,_ £E : oo, s el ol

» Tptah = e 2f u’_\;’i_-_g(\;’)1 R e

e=<¢N,Xun?=-<Nu, Xa>==<0n Yot QaXy, Xuw> = -gnE - Ok -0 O - .

o N Xy> = - ¢0uXutOuXy. Xe2>=-0nF -0 @ - .

f=<N, xuv>

< QuXot QzXv, Xu> = - OpkE-0nfE 0@ o

2 < NoXww> = <Ny, Xaz

Pk N, Xvy > = - ¢ Ny, Xy > = 7% GizXat O0zXv . Xv 2=~ 02F - Qa6 --- @ . o

ol ﬂ..n—) ) (auan)=_(e¥) 1 e.-F)
From (1~ @) , we have " (; au 2 \ow o= folEh-F NEES .

K =detB = Onlz - OrOa = Eﬁaj_’ AR U e =

Next $ind _the formula for principal curvatuve. k. ka and mean Covuotwre .. o

( Ou+ Kk Oz

_Q;_L_____Qy_-vk) =0 ¥ (Qutk)(On2tk) - Gulxn =0 '\Sz_f__((l}\j_()‘:s)k + (QuQaz - Q2021 ) =0 -- %%

2 ki_ond Kz ave Solution of ¥¥ 1. -k ond -kKa2 M;ggnuglues

-k o ¥ o
det (dN+ k1) = det & 'kl_:_...v._gﬂ_,k.) j }:- (kv kz) |< + kl k2 :_* ,_.fj_*,__.,_.....,. P ——

e - 2¥Fng eg-§*
From ** ond %% % a ""' ( (Qu+022) 5 2(E6-F>). K = 00022 - G202 ° EG-F* s

From sa%, K-2Hkek =0 Kdbe= HelWol -cowwmw
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N AN N ANv
(Xt 3)u=(Xut 22 ) =0  AXtx)v = (Xvt 3) =0 Vo No=-AXu, Nv=-AXy

7% CINL =

N
Xt x = constant_vector = Xo , 1X-Xel =35 -

This show _a Spbu;_cenwm_an_xe__mixh_mdim_ﬁ__.._;_

2.\ is._o piece of sphere.

2, ol points_in V_st. % holds

. Next, we wont. to show the global uector
. Toke o) _on the surface , od:Lo.11>§ o I . )

By previous argument . 3 an open nbd. Vi) of .« Ve is a piece of plane or sphere.
__consider £ (V()) open covering of To.11. 7 Lo.1] is.a closed nterual.. .

By Heine - Borel , 3 o finite tz st 2\« (Vo) cover Lo.1}

L 8
> M\ Vit) covers the cayve in S. - B hos-to be on the same plane or sphere at p.

. Since. B is orbitvary-on S > § i o piece of o plave or o sphee.

Note. If S is not connected . we corft. have Such result. - B
- T LWskss

 #wBh
Def. Let peS on osymptotic direction of S ot p is a direction of Tp(S) for which the normol

. Curvoture. is zero. Bn asymptotic curye of S IS a requlor connected curve CSS st..

~for all_pe C . the tangent tine is given by an osymptotic direction. -

*
Ex: B straight !ine_on o_surfoce is an osymptotic curve.

__Given o straight line pavametrized by ovc-length )= priv. where fvi=1

= IREe

A= VU, = 0, normal curvature. Kn=K<n N> , <o), N > = ken. N>

*
_ K aw i a cuvve with positive Cowature ond dm IS an osymptofic curve.

_ © its binormal vector b of «) i parallel to N, where N = upit normal vector of S..
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Def. det (= dNp) = det ( dNp) = Giauss curvature. of S atp..iek=kk

kitke
___meon cuyvature H ="z‘tr(—«mg) i . N = ynit_normal _vector on S g

__Howeyer, i we . the ovientation of the surface , the deferninant. does not_chonge,
___but_the trace cha sign. _

Def. B point-peS isccolled oo vt

) elliptic point__, if det(dNp)>0 . K70 St kim ke =¥
) hyperbolic point., it k<0 o) =y, v ) ks 2 k=2
___® planer 2 ibk=0 R dNe o oo o @ : o

____(#) parabolic_point. if k=0 but dN%O @ kKi=).k2=0

______ 5) umbilico)_point. . 1f ki=ka  Sw.plane. ( planer points_are_umbilical pt.)

Ex:S={(x,5,Z)el\2"’| zzv=xzﬂf}___ —

-1
regularsurface : @ focy.2)= X1y-22 €C°. 0 is o regulor value of £, for=S .

P -

u+v
1l Gl aTTa ). gvagh of G Teal A
__Study the Glouss mop near point p= (0,0.0) onS , Wo)=0, Vio)=:0 .

= -3
u
_Xtu.w)=(u.v "’_;v ) Xu=(1.0.4) , Xv=1(0.1 ¥} > Xuap={1.0.0) ,Xvip =(0.1.0)

= Xax Xv _ (-u.-V,1)
_ ,_A,N ux xvl  Jwsy*) ., NP = (0,0.1) . where Xux Xv = (-1 i+ (-v)j+k

2 2
_____ d:155 . N:S>S . N@=(New)t is'G Curve on S -
2 2 2 2
Ut + VD M@+ vioh
e =xlue vw) = (uw v "2 J ., oloy=P = (0,0,0) = (uto), vtoy . 2 : -

; , i _
it = (dty, vior , ut vin + ut vin) |, Loy = (ulo) . vtor ., o) € TplS) = X-Y plane I
un'rvy’
‘,;'ﬁ‘; ;l

Bl B [o vir) (~t,-v,0) = (-u.,-v.1) - ;

N = N(aw) = rr@"% & @ Vel o - 0ist . B ) %
7 7 ra / /

ollo) = (ulo), Vio) ,0) = WoI8 + Via) B2
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’ s ’ 4 —_—
Bl s }(_)5_,3, ) Gy 2= tu=tx, g2)  2XXv2yg 22T =0 ¥ N=l-x.-y.-2)or N=(x.4.2)

___Fix N_ovientation , Bptv) = - < dNptw) , v > =~¢-y,y>=]=Kn  Kn=Ken,N>=1-c0s0" =1

____Fix-N_orientotion, Tptv) = -« dNpw) v > =~ €u, vy = =1 = ki Keo= Koosh = ==
e ~ M
-
Obseryation that. kn = Tipt) depends on the orientation of the surface. ol -
v >
/ <~> o(s)
P= plane = spanned by -t and N o ] i .//'.“ i '/-/
G ¥ /
" g :g n s
Let d(s) be o povametrized cuvve oand t= V.=ofor -tongent. uector ot p s JAT TN, A
/eas
Toke. the plane. P_determined by t and N N= unit normal vector of S. . kn * normal section '
PoS = new corve -which s -calted -normal - section: '
Since._the normal _section lies.on S ond P it normal vector is a.yector of P -and is
ST (o R L R e RO o
perpendicular to T N
i
Hence , it must be N or =N Sokn=ken N>=tk
Iknl =_curvatare of the normal section of S at p along. slte) = t._direction
Tp: Tets) >R . Y veTpts)  *“dNp is lineor ond self-oadjoint. <. dNp con be diagonalized
A A _ond Az two eigenualues corresponding eigenvectors €, €z st. dNp(en = Aier. dNpe)= rzez

Al o
,:;r_dup_‘-_(,g_A_z_,)_J_mhm_fﬁ_uﬁ_ai_...fuzms a basis_of Tpls).

Convention : May ossume kiz ke, k= mox -<dNetw), v > = mox Mptw)
ve Tp(s) Ve Tpis)
ivi=y vi=1

_moximum normal curvgture ot p

kz = min = < dNp(v), v > = min Tplv)
7 VE e VE TplS)
tvi= 1\ vi=z= |

__minimum normol _curvatuye ot p

Chuyv culture
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3
Ex: N:S—§, §'= {ix.q.2)] Pryre’=) }oaw s (xr. g, 20) , w: IR regular curve

2xd v 294 1 28F = 0, di = Uit o gn) e TelS)

(x,4,2) _ , . . N
o T’xa,"ei,‘;x ® {x.4.E) dN?(d(q)__)__f__(x,,a,zl) = offoy = v, ANpw) = V-, ¥ VE Tp(S)

(-%.-4,-%)

 fied pognecsimtten N1 TR o iigE)

Ex: cylinder X(U0) = Locy. | <y’ 1} %Lqmg\g...mgsAm_st.._m.mL_Zwv_,,_..v,,A,._.,,,.,_

ﬁi&m;mwmﬂﬁa )_is.a vequlor surfoce.

e = (g B . e = p L = Uo. o, g 2xx'x 24y = 0

N=ix.4.00 . N=(x,-y.0) (i we fix positive ovientation) _ . N —S——
cose ) - weTplS) , W=(0,0.R). P20 > = 0.y_(its behavior fike plane) .
cose 2 we Tpls) . w s pavollel to XY plone. = dNetwl=-w
. 2.0.-1 ore_cigenvolues of dNp
Hw: =Xt Ag A i5 0 positive number , find dNp and its eigenvolues. _ _
Def. B diff_map A: V>V i self- adjoint linear mop . if <P w>= < v. Bwrz, YyvweV

Prop. The diff mop. _dﬂpJgj&z_Tm_(sf)Lig&sl._q’im_&m_mnpu_ls_a_mi;gd;owmr.ﬂ map.

<pf> We need to show < dNplW), w > = ¢ v, dNpiw) > . ¥ v.We TpiS)

¥ X:U—=S is a parametrization of S, hope < dNplXu) Xv > = < Xu ONelxv)>

 let we define No = dNplxw) , Ny = dNp(xy) . N i normal vector on S . N1 Xu NiXv

 <N,Xu»=o0_, ¢N.,Xv>=0_ we hove <Nv, Xur=-<¢N, Xuv 7, <Nu,Xv>=-<¢N,Xw?>

 ReC”, Xev.= Xvu o <Ny, Xu>=¢ Nu.Xy> = <dNplXe) Xu> = < Xv, dNp{Xu) 7,

2 5-7 » culture

LUu,vy =<V, uz2



